Introduction.
In recent years many. authors have made interesting and important contributions to the study of vector fields or infinitesimal transformations on compact orientable Riemannian manifolds without boundary. The purpose of this paper is to extend some of those contributions to Riemannian manifolds with boundary.
Paragraph 1 contains fundamental notations, and local operators and formulas for a Riemannian manifold.
In paragraph 2 fundamental formulas for Lie derivatives are given, and the infinitesimal transformations and their generating vector fields are defined in terms of Lie derivatives.
Paragraph 3 is devoted, for a compact orientable Riemannian manifold with boundary, to a discussion of local boundary geodesic coordinates and the derivation of some integral formulas, which will be needed in the remainder of this paper.
In the remainder of this introduction, M' 1 will always denote, unless stated otherwise, a compact orientable Riemannian manifold with boundary I^- dary condition is also given for an infinitesimal affine collineation on the manifold M" leaving the boundary B^-1 invariant to be a motion. In paragraph 5 we obtain conditions for the nonexistence of a nonzero conformal Killing vector field on a manifold M^ with zero tangential or normal component on the boundary J^- 1 , and necessary and sufficient conditions for a vector field on the manifold M n with zero tangential or normal component on the bondary B^ to be a conformal Killing vector field. It is shown that if the manifold M" has constant scalar curvature R and admits a certain special infinitesimal nonhomothetic conformal motion leaving the boundary B^ invariant, then R > o. Moreover, on a compact orientable Einstein manifold M n -with boundary jB 72 -1 and J? > o, those special infinitesimal nonhomothetic conformal motions leaving the boundary jE^-1 invariant form a Lie algebra, and a decomposition of this algebra with interrelations between its subalgebras is also obtained.
Paragraph 6 contains conditions for the nonexistence of a projective Killing vector field on a manifold M" with zero tangential or normal component on the boundary B^ and satisfying certain other boundary conditions. Finally, it is shown that on a compact orientable Einstein manifold M tl with boundary B"-1 and positive constant scalar curvature R a projective Killing vector field is the direct sum of a Killing vector field and an exact projective Klilling vector field in such a way that they all satisfy the same type of boundary conditions. Throughout this paper, the dimensions of M 11 and jB 72 -1 are understood to be n (^ 2) and n -i respectively, all Riemannian manifolds are of class C 3 , and all differential forms and vector fields are of class C 2 '
1. Notations and operators.
LetJM" be a Riemannian manifold of dimension n (^2), ||^/|| with gij == gji the matrix of the positive definite metric of the manifold M rt , and || (fi \\ the inverse matrix of || g^-[[. Throughout this paper all Latin indices take the values i, ...,n unless stated otherwise. We shall follow the usual tensor convention that indices can be raised and lowered by using g^ and gij respectively; and that when a Latin letter appears in any term as a subscript and superscript, it is understood that this letter is summed for all the values i, ..., n. We shall also use v 1 and Ui to denote the contravariant and covariant components of a vector field v respectively. Moreover, if we multiply, for example the components di/ of a covariant tensor by the components b^ of a contravariant tensor, it will always be understood thatj is to be summed.
Let 91 be the set { i, ..., n} of positive integers less than or equal to n, and J(p) denote an ordered subset (ii, ..., ip} of the set 91 for p^n. If the elements fi, ..., ip are in the natural order, that is, if ii<...<ip, then the ordered set J(p) is denoted by Jo(p). Furthermore, let I(p;^\j) be the ordered set I (p) with the 5-th element is replaced by another element j of 91, which may or may not belong to J(p). We shall use these notations for indices throughout this paper. When more than one set of indices is needed at one time, we may use other capital letters such as J, K, ... in addition to J.
From the metric tensor g with components ^7 we have
where ^['n\ is zero when two or more j'^s or Tc's are the same, and is + i or -i according as the j'^s and A-'s differ from one another by an even or odd number of permutations. 
where V denotes the covariant derivation with respect to the affine connection of the Riemannian metric g^-, whose components in the local coordinates x 1 , ..., x"-are given by (1.10) rj, = I g^gn^+Og^-^g^1).
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Moreover, the dual and codiflerential operators ^ and ^ are defined by (for this see, for instance, [9] ) (1.11) * v^^e^j^p^W^-P(
which imply immediately
In particular, for a vector field y on the manifold M"-we obtain, from equations (1.9), (1. 13), (1. 14) (dv)ij = V, Vj --Vy Vi, Let UHP) and Vi^ be two tensor fields of the same order p on a compact orientable manifold M
7^
Then the local and global scalar products <( u, v )> and (u, y) of the two tensor fields u and v are defined by (1.28) <u,y>=^uW^,
From equations (1.28), (1.29) it follows that (u, u) is non negative, and that (u, u) = o implies that u == o on the whole manifold M".
Lie derivatives and infinitesimal transformations.
Let u be a nonzero vector field on a Riemannian manifold M' 1 , and let i^ and L(. denote, respectively, the interior product and the Lie derivative with respect to the vector field y. Then for a covariant tensor a of order r, the interior product i^a is a tensor of order r-i defined by
and according to H CARTAN [1] we have
For later developments, we shall use the following known formulas for Lie derivatives in terms of local coordinates x\ ..., x 71 of the manifold M n (for these formulas see, for instance, [8] , [12] ) : 
Local boundary geodesic coordinates and integral formulas.
Throughout this paper, by an (n-i)-dimensional boundary B^1 of a compact n-dimensional submanifold M n of an n-dimensional manifold 9Jl"(n^ 2) we mean either an empty or a nonempty subdomain on the submanifold M" satisfying the following condition. At every point P of the boundary B^^ there is a full neighborhood U(P) of the point P on the manifold W and admissible local coordinates x\ ..., x"-such that U(P)c\M n appears in the space of the a/s as a hemisphere
the base x 1 == o of the hemisphere corresponding to the boundary B"- coordinates x\ ..., ^ to be boundary geodesic coordinates so that at each point P of the boundary i?^-1 the r^-curve is a geodesic of the manifold M"-, with x 1 as its arc length measured from the boundary B^-1 , and is orthogonal to the ^-curves, 1=2, ...,n. Thus on the boundary B 71 -1 we can easily obtain (for this see, for instance, [4] , p. 57)
Moreover, by equation (3.i) the unit tangent vector N of the rc'-curve at every point P of the boundary B^ is the unit outer normal vector of the boundary B"-1 in the sense that x 1 is increasing along the a^-curve in the direction of the vector N.
By using local boundary geodesic coordinates, from equations (l.io), (3.2) it is easily seen that on the boundary jB^-1 : The boundary jB"-1 is said to be convex or concave on the manifold M' 1 according as the matrix ]| bi/1| for i, j === 2, ..., n is negative or positive definite. If ^7=0 for i, j===2, ...,n, then all the geodesies of the boundary J^-1 are geodesies of the manifold M'\ and the boundary B^1 is said to be totally geodesic on the manifold M"-. Moreover, in terms of local boundary geodesic coordinates the tangential and normal components of a vector v are respectively Ui, i^i, and ^r Now consider a compact orientable Riemannian manifold M"-with boundary B^1, and let u be a vector field of class C 2 on the manifold M\ Then on the manifold M"-we can construct the differential form
By means of equations (l.n), ( By applying the Stokes* theorem we thus obtain the integral formula 1 and use of equations (1-ig), (1.27), (1.28), (1.29), (l.i 5) yield the integral formulas, respectively,
here for a covariant tensor field u;/,
Subtraction of equation (3.i4) from equation (3.i3) and substitution of equations (1.23), (1.27) give immediately
By subtracting equation (3.i6) from equation (3.i2) we obtain, in consequence of equation (l.i4),
Similarly, addition of equations (3.12), (3.16) and use of equation (2.8) yield
JBn-l
The integral formulas (3.n), ..., (3.i4), (3.i6), (3.17), (3.i8) were first derived by the author in a previous paper [4] by means of general local boundary coordinates x 1 , ..., x\ with x n =o corresponding to the boundary J^-1 , and the combined operator of the exterior product A of differentials on the manifold M n and the vector product of n + m -i vectors in a Euclidean space £^+ 771 of dimension n + m for any m > o, provided that the manifold M n is isometrically imbedded in the space £^+^.
It is easily seen that equation (3.i6) can be written in the following three forms The proof of lemma 3.1 follows immediately from the integral formula (3.n) with the vector field u replaced by V(f 2 ). 
Killing vector fields and infinitesimal motions.

Conformal Killing vector fields and infinitesimal conformal motions.
At first we suppose that a Riemannian manifold M 11 be an Einstein manifold so that [14] , and the author [4] with some boundary conditions missing due to a minor mistake, for which see [5] . For any vector field v on a compact orientable Riemannian manifold M"-with boundary B^, we obtain, by adding equations (3.12), (3.2i) and making use of equation (3.i3),
J^n-l
If the vector field v has zero tangential component on the boundary B^, then by using local boundary geodesic coordinates and equations (2.22) which is reduced to, by contraction with respect to i and Z,
On the other hand, from equation (2.4) follows immediately (5. i5) Lpy/==-(V^+ V^O.
In virtue of equations (2.7), (5. a), (5.i4), (5.i5) we are therefore led to
By putting In particular, if jR is constant, then equation (5.19) becomes For the case of empty boundary B^1, theorem 5.4N and corollary 5.4N are due to YANO [13] . Now let v be a conformal Killing vector field on an Einstein manifold M". Making use of equations (5.17), (5. i8), (5. i), (2. i5) and the fact that jR is constant, we then obtain
and therefore, in consequence of the first equation of (2.25), and therefore
Since w is a Killing vector field, we have, in consequence of equations (2.n), (2.12) for w, -^, theorems 6.2T and 6.2N are due to COUTY [2] . For the corresponding theorems on the nonexistence of a Killing vector field on a Riemannian manifold M 11 with boundary jB"~1, see [6] . Now let v be a projective Killing vector field on an Einstein manifold M'\ Then, from equations (1.27), (5.i), it follows immediately (6.11) e^^- , theorem 6.3 is due to YANO and NAGANO [11] .
